We investigate the predictions of Einsteinian Cubic Gravity (ECG) for the lensing effects due to supermassive black holes at the center of Milky Way and other galaxies. Working in the context of spherical symmetry, we obtain the metric function from a continued fraction method and find that both time delays and the angular positions of images considerably deviate from general relativity, as large as milliarcseconds. This suggests that observational tests of ECG are indeed feasible.
I. INTRODUCTION
The deflection of light near a massive body is one of the main implications of general relativity (GR) and its investigation in the weak field regime has a history of nearly one century [1] [2] [3] . In the strong field regime the study of gravitational lensing traces back to the work of Darwin [4, 5] , who studied the deflection of light near the Schwarzschild black hole. Lensing effects in strong gravitational fields were resurrected in [6] , where the authors investigated the infinite number of images on each side of the optical axis of a Schwarzschild black hole and called them relativistic images. It was later shown [7] that it is not necessary for the lens to be a black hole to produce relativistic images; rather, any sufficiently compact object could create relativistic images. A detailed study of relativistic images presented in [8] showed that the time delay between the outermost two relativistic images could be used to obtain a very accurate value of the mass of the black hole. Furthermore, given the mass, the angular separation between relativistic images would give us the distance to the black hole.
In this paper we investigate the gravitational lensing (GL) of black holes in Einsteinian cubic gravity (ECG). ECG is the unique cubic theory of gravity that shares its graviton spectrum with Einstein gravity and has a dimension-independent coupling constant [9] . The Lagrangian density of this theory is given by
where χ 4 and χ 6 are, respectively, four-and sixdimensional Euler densities and correspond to the usual Lovelock terms, and 
Up to cubic order in curvature, ECG is the most general theory of gravity that admits a static spherically symmetric solution characterized by a single metric function [10] . In (3+1) dimensions the terms proportional to β 1 and β 2 have no effect on the field equations. However the new term P does, and retains the interesting properties noted above. ECG is thus singled out as a unique generalization of Einstein gravity in 3 spatial dimensions with terms cubic in the curvature but possessing only a single coupling constant.
For these reasons we regard ECG as a phenomenological competitor to GR that merits further study. Recently, we have obtained an approximate analytical solution to ECG in four dimensions by employing continued fraction method [11] . This solution holds everywhere outside the horizon and can be used in the same way as analytical solution. In this paper we use the continued fraction solution of [11] to study the gravitational lensing in ECG, and investigate its observational signature.
We note that GL effects have been studied for many different black holes in GR and alternative theories [12] [13] [14] [15] [16] [17] [18] [19] [20] , with the strong field limit approximation Bozza [21, 22] employed throughout. Although useful, Bozza's analytical treatments have been criticized for their accuracy [8] . We shall therefore use the numerical method of [6] to study GL by black holes in ECG.
Our most interesting finding is that the difference between the angular positions of primary and secondary images in ECG and GR could be as large as milliarcseconds. Also, the predicted values of time delay between these images are different in GR and ECG, and the difference could be as large as seconds. These suggest that observational tests of ECG are indeed feasible.
The outline of our paper is as follows. In the next section we review our continued fraction method to find the approximate analytic spherically symmetric solution to ECG. In Sec. III we use the Lagrangian of massless particle to obtain equations needed to investigate the lensing effects. This would include the relation for the bending angle, time delay and magnification of images. We use these equations in Sec. IV to study GL of SMBHs, for Sgr A* and those at the centers of 13 other galaxies. We conclude our paper in Sec. V. We will work in units where G = c = 1.
II. BLACK HOLE SOLUTION IN EINSTEINIAN CUBIC GRAVITY
In this section we briefly review the continued fraction solution for the metric function of ECG obtained in [11] . We restrict ourselves to asymptotically flat, static and spherically symmetric vacuum black holes with the line element
Substitute this metric into the Lagrangian (1), the field equation for Einsteinian cubic gravity reads [23] 
where f stands for f (r) and a prime denotes differentiation with respect to r. The constant of integration M appearing on the right-hand side of (4) can be shown to be the physical mass of the black hole [9, 23, 24] . Also, we will assume λ > 0 in what follows. Consider the near horizon series expansion of the metric function:
which ensures that the metric function vanishes linearly at the horizon (r = r + ), and T = f (r + )/4π is the Hawking temperature. By substituting this ansatz into the field equations (4), we can find the temperature and mass in terms of r + and the coupling λ:
One then finds that a 2 is left undetermined by the field equations, while all a n for n > 2 are determined by (rather messy) expressions involving T , M , r + , and a 2 . The asymptotic solution to (4) is [11, 24] 
and to bridge the gap between this solution and the near horizon approximation, one can numerically solve the equations of motion in the intermediate regime. This is done by picking, for a given value of M and λ, a value for a 2 and using it in the near horizon expansion to obtain the initial data
where is some small, positive quantity. A satisfactory solution is the one that agrees with the asymptotic expansion at a sufficiently large distance from the black hole.
In practice we find that this only happens for a unique value of a 2 which we denoted by a 2 [11] . By fitting the numerical results we find
which is accurate to three decimal places or better in the interval λ/M 4 ∈ [0, 5]. Now, to obtain an analytic solution with the continued fraction method, we first compactify the spacetime interval outside of the horizon by using the coordinate x = 1 − r + /r, and rewriting the metric function as
whereB
is a continued fraction whose coefficients are to be determined from the field equations. Substituting the asymptotic (near x = 1) expansion of (10) into the field equation (4) yields
Next, expanding (10) near the horizon (x = 0), the remaining coefficients can be fixed in terms of T , M , r + and one free parameter, b 2 . We find
while b 2 is related to the coefficient a 2 appearing in the near horizon expansion (5) by
All higher order coefficients are then determined by the field equations in terms of T , M , r + and b 2 (or, equivalently, a 2 ). Since b 2 is not fixed by the field equations its value must be manually input into the continued fraction. The appropriate thing to do is to use the value of a 2 (as determined through the numerical method) in Eq. (14) . While the numerical integration of the field equations is very sensitive to the precision with which a 2 is specified, the continued fraction is much less so, and a good approximation is obtained even with just a few accurate digits.
III. BLACK HOLE LENSING
In this section we obtain some basic equations needed to study gravitational lensing by black holes. For the line element (3), the Lagrangian is given by
We assume that the observer, black hole, and the source lie on the equatorial plane ϑ = π/2. We can then write the constants of motion as
For null geodesics we have L = 0, and Eq. (15) can be written in the following form
At the radius of closest approach r = r 0 , we have 
A schematic diagram of the lensing effect is presented in Fig. 1 . D d and D ds represent, respectively, the distance of the lens (L) from the observer (O) and the source (S). We assume that D d , D ds r 0 , so, we can write the deflection angle as [25] 
Now, let us write Eq. (15) for the null geodesic in the form:
Since dr dt = 0 at r = r 0 we obtain 
FIG. 1. The lens diagram:
As the light ray pass the black hole it deflects by an angleα. Those rays which pass closer to the black hole would have a larger deflection angle. Ifα > 2π, the corresponding light ray winds the black hole at least once, before reaching the observer. These rays would make the relativistic images. Here S, I, O, and L stand, respectively, for the source, image, observer, and the lens which is a black hole in our study. β is the actual angular position fo the source w.r.t. the line of sight to the black hole. θ is the angular position of the image. D d and D ds represent, respectively, the distance from lens to observer and from lens to the source.
The difference between the time for the photons to travel the physical path from the source to the observer and the time it takes to reach the observer in flat spacetime, i.e. when there is no black hole between the source and the observer, is referred to as the time delay. Using Eq. (21) the time delay of an image is given by 
which is known as the lens equation [6] , where D = D ds /D s . The impact parameter is given by [26] 
and the image magnification by
To find the magnification, µ, we need the first derivative of the deflection angle w.r.t. θ
Given the metric function, we can obtain dr0 dθ from Eq. (24). The derivative dα dr0 is a bit tricky. Let us write the deflection angle aŝ
where F = tr r0 2 f 0 − f (tr). We will take t → 1 and C → ∞ at the end of our calculations. Using the Leibniz integral rule we find
in which the second term can be written as
which, by integrating by parts, gives a term that cancels the first term in Eq. (28) at the limits t → 1 and C → ∞.
We are then left with 
In the following sections we use these results to study the gravitation lensing effects by black holes in general relativity as well as ECG.
IV. LENSING BY SUPERMASSIVE BLACK HOLES
In this section we study the lensing effects by the supermassive black holes (SMBHs) at the center of the Milky Way and 13 other galaxies. Our aim is to compare the lensing predictions of GR with those of ECG. Using the metric functions for both GR and ECG, we numerically solve equations (19) , (23), (25) , and (22) , to respectively find their deflection angles, angular positions of their images, their magnifications, and their time delays. Lensing by Sgr A* in GR has been extensively studied in [6] [7] [8] To find the results of ECG, we have used the metric function (10) obtained by the continued fraction method [11] . We have furthermore constrained the coupling constant of ECG not to be larger than λ = 4.57 × 10 22 M 4 ; with this value, ECG passes all the Solar System tests to date [11] . Assuming the largest possible value of λ allowed by Solar System tests, we find that the lensing effects from ECG differ significantly from the GR predictions.
In Table I , by using Eqs. (19) and (23), we have calcu-lated the bending angleα and the angular image position θ for images on the same side as the source and on the opposite side of it, which are known as primary and secondary images, respectively. We have taken D = 0.5; meaning that the lens-source distance is the same as the lens-observer distance. The results are presented both in the case of GR and ECG with the coupling constant λ/M
We have previously shown [11] that ECG, with coupling constant λ/M 4 SgrA * ≈ 1.76 × 10 −4 , would enlarge the shadow of Sgr A* by an amount less than 1 nanoarcsecond. This is far lower than the resolution of today's observational facilities such as Event Horizon Telescope [28, 29] and occurs because the size of the shadow of Sgr A* is of order of 10 −5 arcseconds whether or not its gravitational field is governed by GR or ECG. The difference between GR and ECG results for the shadow size is three orders of magnitude smaller and is about 1 nanoarcsecond.
However we have shown here that the situation is not quite so grim: the difference between the angular positions of primary/secondary images in ECG (with the same value of λ) and GR could be of order of miliarcseconds. This is due to the fact that, for the source positions that we considered here, although the angular positions of primary/secondary images in GR or ECG are of the order of arcseconds, the difference between the GR and ECG results can be as large as a few milliarcseconds, and so are feasibly distinguishable with present or near-future observations.
In Table II , we have obtained the magnification µ of the primary and secondary images of Table I by using Eqs. (25) , (26) , and (29); the time delay τ of the primary images have been calculated by using Eq. (22) . We have not shown explicit results for the secondary images, but have instead given the difference t d = τ s −τ p between the time delay of the secondary and the primary images (the differential time delay), since it is of more observational importance.
Suppose that the source is pulsating. Every phase in its period would then appear in the secondary image, t d minutes after it appears in the primary image. Comparing the results of GR and ECG in Table II , it is obvious that the differential time delay t d is lower if ECG correctly describes the strong gravitational field near the black hole. ECG, in addition, decrease the magnifications µ p and |µ s | by a small amount.
GR and ECG results for magnifications, and the time delays of first and second order relativistic images are, respectively, presented in Tables III and IV . First (Second) order relativistic images are produced after the light winds, once (twice) around the black hole before reaching the observer [6] . The angular position of relativistic images θ 1p , |θ 1s |, θ 2p , and |θ 2s | are almost independent of angular source positions. In ECG their values are about 0.2 nanoarcseconds more than their corresponding values in GR, an effect too tiny to be observed with today's telescopes, especially with the problem that these relativistic images are highly demagnified. However once they could be observed, (differential) time delay of relativistic images could be used to test ECG because their increase compared to GR, as can be seen from Tables III and IV. In Table V we have studied primary and secondary images in ECG when the source is closer to Sgr A*. In particular, we have taken D = 0.05 . Comparing this table  with Table I (in which D = 0.5), shows that when the source-lens distance is smaller, primary and secondary images get closer to the line of sight to the lens (θ p and |θ s | get smaller). Furthermore, a comparison of Tables  V and II shows that the magnification µ p and |µ s | and the time delay of the primary image are smaller in the case of D = 0.05 compared to D = 0.5. However the differential time delay t d = τ s − τ p is larger in the former case. Similar results hold when the governing theory of gravity is GR [8] .
Although we have not in Table V presented the corresponding results in GR, we have given relevant comparisons between GR and ECG in Figs 2 and 3. In Fig 2 we can see that the difference between the results of ECG and GR for the angular positions of primary images is larger in the case D = 0.5. On the other hand, as shown in Fig 3, the deviation of the differential time delay t d in ECG from its corresponding GR value is larger for D = 0.05.
We close this section by considering SMBHs in other galaxies. We wish to see how the GR and ECG predictions for GL differ when the mass and distance of the black hole change from that of Sgr A*. In Table VI we have collected some updated data of 14 galaxies [27, 30] . We have used these data in Table VII to calculate angular positions and the time delays of primary images in GR as well as ECG, along with the differential time delay t d between the secondary and primary images for each. We have shown in Fig. 4 how the difference in the angular position of the primary image between GR and ECG depends on the mass of the black hole. Differential time delays likewise have a complicated dependence on the black hole mass; we illustrate this in Fig 5, where we note that this quantity is less sensitive to the mass and mostly depends on the distanceD d .
V. CONCLUDING REMARKS
In its predictions for GL due to SMBHs, ECG exhibits small but potentially observable departures from GR. Taking the ECG coupling constant to be λ = 4.57 × 10 22 M 4 , for which ECG passes all Solar System tests to date [11] , we find that the angular positions of primary and secondary images deviate from that of GR by an amount of order of miliarcseconds. The ECG results for the differential time delay, associated with primary and secondary images, could be some tenths of seconds shorter than the results of GR.
It is important to note that for the primary/secondary images to be produced, the light from the source should pass the black hole at a closest distance of order 10 5 r + , where r + is the radius of event horizon. We have shown even in this large distance from the black hole that ECG effects may be observable. One does not have to observe gravitational effects in the vicinity of an horizon to test ECG.
There are several short period stars (the so-called Sstars) orbiting around Sgr A* whose semimajor axes are less than 10 5 r + [31] . Nowadays the observation of these S-stars are possible with good precision [32] . We propose, as a direction of future study, to investigate the orbit of S-stars in ECG and to compare it with observational results now available [32, 33] .
As for GR [6, 8] , in ECG relativistic images are produced after the light winds around the black hole. For these images to be produced the light must pass the black hole very closely. Consider the first order relativistic image. The closest approach of the light is ∼ 1.55 r + , which is very close to the radius of the photon sphere, r ps = 1.5 r + , where the shadow is produced. The light must get closer and closer to the photon sphere to produce higher and higher order relativistic images. We have seen in our previous paper [11] that the effects of ECG on the angular radius of the shadow of Sgr A* is less than 1 nanoarcseconds. Here we see that the same thing is also true for the angular positions of relativistic images. In this case the differential time delay between relativistic images could be used to test ECG, if (since they are highly demagnified) these images could ever be observed.
Finally we have also studied GR and ECG predictions for lensing effects by some SMBHs in other galaxies. We find that GR and ECG results for the differential time delay between primary and secondary images could differ by an amount of more than one minute for some distant SMBHs. The deviation between GR and ECG predic-TABLE VI. Masses and distances of SMBHs: Masses (M ) and distances (D d ) of SMBHs at the center of 14 galaxies. The data for Sgr A* at the center of Milky Way Galaxy has been taken from [27] . The data of other black holes are from [30] . Table VII for the 14 SMBHs, and the solid curve is the interpolation between the points.
